Modelling of the plastic flow of trip-aided multiphase steel based on an incremental mean-field approach  by Delannay, L. et al.
Available online at www.sciencedirect.comInternational Journal of Solids and Structures 45 (2008) 1825–1843
www.elsevier.com/locate/ijsolstrModelling of the plastic ﬂow of trip-aided multiphase steel
based on an incremental mean-ﬁeld approach
L. Delannay a,*, P. Jacques b, T. Pardoen b
a Department of Mechanical Engineering (Cesame-MEMA), Universite´ catholique de Louvain (UCL),
av. G. Lemaıˆtre 4, 1348 Louvain-la-Neuve, Belgium
b Department of Materials and Processes Sciences, Universite´ catholique de Louvain (UCL),
Place Sainte Barbe 2, 1348 Louvain-la-Neuve, Belgium
Received 4 December 2006; received in revised form 17 September 2007
Available online 4 November 2007Abstract
An incremental mean-ﬁeld model is developed for the prediction of transformation induced plasticity (TRIP) in mul-
tiphase steel. The partitioning of strain between softer and harder constituents is computed based on an elastic-plastic
Mori–Tanaka approach that accounts for the progressive transformation of austenite into martensite. The latter transfor-
mation is predicted using an energy-balance criterion that is formulated at the level of individual austenite grains. The
model has been tested against experimental data. Macroscopic stress-strain curves and rate of martensite formation have
been measured on sheet samples subjected to various loading modes: uniaxial tension, simple shear, and (in-plane) uniaxial
compression. These experiments were performed at 20 C and the uniaxial tensile test was repeated at 30 C. The mean-
ﬁeld model produces fair predictions of the macroscopic hardening resulting from TRIP on the condition that a suﬃcient
proportion of the load is carried by the very hard martensite inclusions. Such prediction implies that one accounts for the
stress heterogeneity across the ferrite-based matrix. At the same time, the model reproduces the elastic lattice strains and
the plastic elongation which are measured within the phases by neutron diﬀraction and by image correlation in a scanning
electron microscope, respectively. The model can be used in ﬁnite element simulations of forming processes which is illus-
trated in a study of necking of a cylindrical bar under uniaxial tension.
 2007 Elsevier Ltd. All rights reserved.
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The most remarkable property of steel is its versatility and the fact that its microstructure can be tailored
through diﬀerent processing routes in order to meet speciﬁc requirements related to forming operations and
structural applications. TRIP-assisted multiphase steel is a typical example, wherein the microstructure is0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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changes (e.g. the Baushinger eﬀect) or elastic springback of such advanced steel grades requires proper mod-
elling of the development of internal stresses. The latter modelling is also relevant for predicting the micro-
scopic initiation of damage (Sugimoto et al., 1997; Jacques et al., 2001).
TRansformation Induced Plasticity (TRIP) was originally observed in fully-austenitic steel grades (Olson
and Cohen, 1986). The transformation of austenite into martensite is ‘‘displacive’’: it is characterised by an
instantaneous deformation of the newly-formed inclusion (e.g. Bhadeshia, 1987). The strain mismatch
between the inclusion and its surrounding gives rise to microplasticity as well as large internal stresses
(Leblond et al., 1989). As a consequence of the internal stresses, yielding may occur under a macroscopically
applied stress lower than the yield stress of austenite. This is referred to as the Greenwood and Johnson (1965)
mechanism. Martensitic transformation can be triggered either by quenching or by loading the sample. In the
second case, martensite is formed on the most favourably-stressed habit plane within each austenite grain, and
the microscopic transformation strains average up to a macroscopic shape change, known as the Magee (1966)
phenomenon. These two mechanisms explaining TRIP in fully austenitic steels have been modelled by various
authors (Levitas, 1998; Iwamoto and Tsuta, 2000; Cherkaoui et al., 2000; Taleb and Sidoroﬀ, 2003; Han et al.,
2004).
The present study focuses on a class of multiphase steels where TRIP follows a slightly diﬀerent phenom-
enology. In these industrially-relevant steel grades, austenite represents less than 20% of the total volume. It is
ﬁnely dispersed in a ferrite-based matrix (Sugimoto et al., 1992; Jacques, 2004; Berrahmoune et al., 2004; Zaef-
ferer et al., 2004; Tomota et al., 2004). Carbon enrichment of austenite, through proper heat treatment, makes
austenite thermodynamically metastable at room temperature. Martensitic transformation is postponed to the
forming operation (or to the service conditions) where it hardens the metal and retards plastic localization.
Hence, TRIP reﬂects here the enhancement of the strain hardening capacity which, when properly controlled,
increases the ductility. As the volume fraction of austenite is low and as the transformation is incomplete in
most forming operations, the above-cited Magee (1966) mechanism is hardly noticeable. This will be con-
ﬁrmed here using a model which takes the transformation strain into account.
TRIP-aided multiphase steel can, to some extent, be seen as a composite material with evolving phase pro-
portions. Strengthening occurs because martensite is much harder than both austenite and the ferrite-based
matrix. The deformation of hard elastic inclusions embedded in a soft matrix has been studied extensively
in the case of metal matrix composites (e.g. Withers et al., 1989; Bao et al., 1991; Corbin and Wilkinson,
1994; Dong and Schmauder, 1996). In comparison, in TRIP-aided multiphase steels, the transfer of the load
from the matrix to the inclusions is somewhat delayed because martensite inclusions are created in the course
of deformation.
In contrast with the numerous models devoted to fully-austenitic steel grades, relatively few studies have
focused on the TRIP phenomenon in multiphase steel. Various assumptions have been formulated about
the kinetics of phase transformation, the mechanical behaviour of individual phases and the micro–macro
transition of scale. Olson and Cohen (1982) suggested that the rate of martensite formation is proportional
to the plastic strain in austenite. Stringfellow et al. (1992) improved this phenomenological law by introducing
the sensitivity to the applied stress state. This trend as well as the sensitivity of the transformation rate to the
working temperature can also be reproduced based on an energy-balance criterion established at the scale of
individual austenite grains. In a detailed review of the continuum modelling of TRIP, Fischer et al. (1994)
highlighted the various thermodynamic driving forces of phase transformation. In order to capture the load
partitioning amongst the various constituents of the multiphase steel, Tsuchida and Tomota (2000) and Lani
et al. (2007) proposed ﬁrst-order mean-ﬁeld models based on elastic-plastic secant operators. Turteltaub and
Suiker (2006a,b) used the ﬁnite element technique to model elastic austenite inclusions deforming within an
elastic-plastic ferrite-based matrix. Papatriantaﬁllou et al. (2006) considered viscoplastic phases and a varia-
tional second-order approach for the homogenization.
The present study has four objectives. First, we extend the dual-phase model described in a companion
paper (Delannay et al., 2007) to the more general situation of a multiphase alloy. Second, a model is developed
which, with respect to previous investigations on TRIP-aided multiphase steel (Lani et al., 2007), involves an
incremental mean-ﬁeld homogenisation that is valid under general, non-monotonic loading conditions, such
as those encountered in forming operations. Third, model predictions are tested against experimental measure-
Table 1
Chemical composition (103 wt%) of the multiphase steel
C Mn Si P S Cr Ni Cu Al N
290 1410 1420 12 20 3 7 4 40 8
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based on FE modelling, one investigates how necking of a cylindrical bar is inﬂuenced by the kinetics of phase
transformation.
2. Experimental investigation
The TRIP-aided multiphase steel sheet under consideration has already undergone extensive experimental
investigation (Jacques et al., 2001; Jacques, 2004; Jacques et al., 2006; Jacques et al., 2007) and some supple-
mentary results are presented in the present study. Prior to deformation, the alloy contains 17% austenite, 55%
ferrite and 28% bainite. The chemical composition is reported in Table 1 and the microstructure is presented in
Fig. 1 where the lighter regions correspond to aggregates of austenite and bainite grains. In order to distin-
guish between austenite and bainite another etching procedure must be adopted (Girault et al., 1998).
The volume fraction of martensite created after diﬀerent strain amplitudes and under diﬀerent deformation
modes has been measured by X-ray diﬀraction (Jacques et al., 2006). Fig. 2a presents the decay of the austenite
content as a function of the macroscopic eﬀective strain. The shear, equi-biaxal tension, and uniaxial compres-
sion tests were performed at 20 C, whereas the uniaxial tensile tests were performed at 20 and 30 C. The
apparatus used for in-plane compression of the 1 mm-thick steel sheet is described by Kuwabara (2007).
The measured true stress and true strain are converted into the von Mises equivalent stress and strain in
Fig. 2b. When the uniaxial tensile test is carried out at room temperature, diﬀuse necking occurs after 24%
uniform elongation. At the onset of necking, the true stress reaches 1210 MPa and the austenite content is
equal to 5%. The response is diﬀerent when the working temperature is 30 C: uniform deformation is
reduced to 17% and the austenite content is equal to only 3% at the onset of necking. The tensile strength
remains however close to 1200 MPa. The shear test gives rise to a slower rate of martensite formation and
hence to a reduced hardening rate. This is also the case for the compression test. Due to small ﬂuctuations
in the alloy composition and to the limited resolution of the measurements, the stress-strain curves in
Fig. 2b had to be slightly shifted (less than 5% of the yield strength) so that the yield strength is identical
in all conditions.Fig. 1. Micrograph of the multiphase microstructure prior to deformation (Jacques, 2004). Austenite (A) and bainite (B) concentrate
along the boundaries of ferrite (F) grains.
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Fig. 2. (a) Kinetics of phase transformation and (b) macroscopic strain hardening measured under various loading conditions.
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formed at room temperature. The h211i elastic lattice strains of the body centred cubic (bcc) phase and the
h311i elastic lattice strains of the austenite phase are presented in Section 4 where they are used to identify
the hardening parameters. The selected diﬀraction planes are known to provide close estimates of the average
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sheet under consideration.3. Description of the model
3.1. Simpliﬁed representation of the multiphase microstructure
Because the modelling is intended for real-scale simulation of complex forming processes, it must rely on a
drastically simpliﬁed representation of the microstructure. The idealised microstructure is constructed based
on the following assumptions: (H1) austenite grains constitute isolated inclusions embedded in a matrix made
of ferrite and bainite; (H2) the diﬀerence between ferrite and bainite is neglected and the two phases are sub-
jected to the same strain1; (H3) the averaged shape of all austenite grains is a sphere; (H4) martensite grains,
once created, are fully surrounded by the ferrite–bainite matrix, i.e. the transition period during which trans-
formation is incomplete and the martensite plates interact with remainders of the parent austenite grain is not
considered; (H5) the averaged shape of all martensite grains is a sphere.
The fourth assumption is probably the most questionable. In such multiphase steel, transformation gener-
ally occurs through the formation of three or four martensite plates inside each austenite grain (Jacques et al.,
2007). Accurate modelling of the formation of such oblate-shaped inclusions would require accounting, e.g.
for the crystalline character of the habit plane and for the presence of previously-formed martensite plates
(Turteltaub and Suiker, 2006a). Such ﬁne modelling of the transformation would, however, require an exces-
sive computational cost in comparison to the approach adopted here.
It might also be argued that austenite and martensite grains are not adequately represented by spherical
inclusions. Even though the initial grain shape is equi-axed, the amplitude of deformation is large (30%
in the present study). Moreover, martensite plates, as they are formed, undergo an instantaneous strain of
20%, with a preferential alignment with regard to the principal loading directions. Nevertheless, in view
of the relatively small austenite (and hence martensite) content, we may expect that the non-spherical charac-
ter of the inclusions has only a second-order eﬀect on the macroscopic trends which we aim to predict.
The model is presented in four steps. First, we consider a dual-phase metal consisting of isolated inclusions
in a uniform matrix. A detailed description of this dual-phase model is proposed in the companion paper (Del-
annay et al., 2007). Second, a hierarchical model is presented which incorporates the interaction of more than
two phases. Third, an energy-balance criterion is introduced in order to predict the rate of phase transforma-
tion. Fourth, the contribution of the martensititic transformation strain to the overall deformation is
estimated.3.2. Incremental Mori–Tanaka model for dual-phase aggregates
Partitioning of strain throughout a dual phase metal containing ellipsoidal inclusions can be solved readily
when both phases have a linear elastic response (e.g. Nemat-Nasser and Hori, 1999). In order to extend these
solutions to the non-linear elastic-plastic regime, a heuristic approach is adopted: the matrix and the inclusion
are replaced by ‘‘comparison materials’’ characterised by a uniform, isotropic stiﬀness tensor. At every time
step of the simulation, each comparison material is assigned an instantaneous, eﬀective tangent modulus:1 On
measueC ¼ 2~lIdev þ 3~jIvol ﬃ @Dr
@De
: ð1ÞIn this expression, Idev and Ivol are the deviatoric and volumetric projectors:Ivol ¼ 1
3
1 1; Idev ¼ I Ivol: ð2Þe of the motivations for this assumption is the fact that ferrite and bainite cannot be diﬀerenciated by neutron diﬀraction. Hence,
red lattice strains correspond to the average of both phases.
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tutive phase (ferrite–bainite, austenite or martensite). The eﬀective shear modulus ~l varies in the course of the
simulation. A preliminary study (Delannay et al., 2007) has shown that ~l should be intermediate between the
elastic shear modulus l and an elastic-plastic shear modulus l^ obtained by applying an isotropic projector to
the consistent tangent operator of J2 plasticity theory (Ponte Castan˜eda, 1992). One thus deﬁnes:~l ¼ V lþ ð1 V Þl^ ð3Þ
wherel^ ¼ ldry
dp
3lþ dry
dp
 1
: ð4ÞIn expression (3), the weighting function V decays exponentially as a function of the ratio between the equiv-
alent stress in the matrix and in the inclusion:V ¼ exp A0 1 V
I
V max
 
rIeq
rMeq
 1
 ! !
if rIeq > r
M
eq;
V ¼ 1 if rIeq 6 rMeq
ð5ÞThis means that ~l tends towards l^ when the equivalent stress in the inclusion, rIeq, becomes ‘‘suﬃciently’’ lar-
ger than the equivalent stress in the matrix, rMeq. V
I represents the volume fraction of inclusions, and Vmax is a
parameter that is set equal to 0.53, corresponding to the maximum packing concentration of spheres ordered
on a cubic grid. The scalar A0 is a ﬁtting parameter which is set equal to 7.5 (see Delannay et al., 2007).
Based on the above deﬁnition of the comparison materials, the equivalent inclusion problem is solved using
the following relationship (Doghri and Ouaar, 2003):eCI : hDeiI ¼ eCM : ðhDeiI  DeÞ: ð6Þ
The eigenstrain De* is expressed by Eq. (7) if the far-ﬁeld strain increment is set equal to the average strain
increment of the matrix (Mori and Tanaka, 1973). The latter is such that the volume average of the strain
increments in the matrix and in the inclusion is equal to the prescribed strain increment De.De ¼ 1
V M
S1 : ðhDeiI  DeÞ: ð7ÞThe inclusions being spherical, the Eshelby tensor S reduces to an isotropic tensor, deﬁned (Nemat-Nasser and
Hori, 1999) as follows:S ¼ 4 5~m
M
7:5ð1 ~mMÞ I
dev þ 1þ ~m
M
3ð1 ~mMÞ I
vol ¼ SdevIdev þ SvolIvol ð8Þwhere ~mM is the eﬀective Poisson ratio of the matrix material.
By substituting Eq. (7) into Eq. (6), we obtain six non-linear equations with six independent unknowns, i.e.
the components of hDeiI:
hDeiI ¼ B : De ð9Þwhere B is an isotropic, strain concentration tensor:B ¼ BdevIdev þ BvolIvol ¼ ~l
M
~lM þ V MSdevð~lI  ~lMÞ I
dev þ ~j
M
~jM þ V MSvolð~jI  ~jMÞ I
vol: ð10ÞTime integration is fully implicit. Eq. (9) is solved iteratively using a Newton-Raphson scheme (Delannay
et al., 2007). At each iteration, the stress tensors rM and rI and the elastic-plastic shear moduli l^M and l^I
(Eq. (4)) are computed from the average strain increments in each phase, hDeiM and hDeiI, using J2 plasticity
(Doghri, 2000). After convergence, the average stress of the dual-phase aggregate is computed as:rDP ¼ V MrM þ V IrI: ð11Þ
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The dual-phase homogenization scheme can be extended to the more general situation of a multiphase
aggregate containing more than one family of inclusions. This can be illustrated in the case of the TRIP-aided
steel sheet where martensite and austenite form inclusions in a ferrite-based matrix (Figs. 1 and 3a).
Two homogenization schemes are tested. The ﬁrst one is depicted in Fig. 3b: martensite inclusions, labelled
a 0, are assumed to interact with a homogenized, dual-phase medium that is made of austenite inclusions (c)
inside a ferrite-based matrix (M). Using the developments of the previous section (Eqs. (9) and (10)), the
homogenized medium (M + c) is represented by the following eﬀective tangent operator:Fig. 3
(correseCðMþcÞ ¼ eCM þ V c
V ðMþcÞ
ðeCc  eCMÞ : Bðc in MÞ; ð12aÞ
Bðc in MÞ ¼ V
ðMþcÞ~lM
V ðMþcÞ~lM þ V MSdevð~lc  ~lMÞ I
dev þ V
ðMþcÞ~jM
V ðMþcÞ~jM þ V MSvolð~jc  ~jMÞ I
vol: ð12bÞHere, V(M+c) represents the volume fraction of the dual-phase medium. It is equal to VM + Vc or 1  Va 0. The
superscript (cin M) is adjoined to the strain concentration tensor in order to emphasise that it relates hDe ic to
the average strain increment of the dual-phase medium, hDeiM+c, and not to the macroscopic strain incrementα
γ
’
a
b
c
. Schematic illustration of the micro–macro averaging technique. (a) Model microstructure. (b) Homogenization in two steps
ponding to Eq. (14)). (c) Homogenization in three steps (corresponding to Eq. (15)).
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tensors:~lðMþcÞ ¼ ~lM þ V
c
V ðMþcÞ
ð~lc  ~lMÞBðc in MÞ;dev; ð13aÞ
~jðMþcÞ ¼ ~jM þ V
c
V ðMþcÞ
ð~jc  ~jMÞBðc in MÞ;vol: ð13bÞTime integration of the constitutive law schematically illustrated in Fig. 3b amounts to solving the following
set of equations:hDeic ¼ Bðc in MÞ : hDeiMþc; ð14aÞ
hDeia0 ¼ Bða
0 in MþcÞ : De; ð14bÞ
De ¼ V MhDeiM þ V chDeic þ V a
0 hDeia0 ¼ V ðMþcÞhDeiMþc þ V a
0 hDeia0 : ð14cÞA second homogenization scheme is presented in Fig. 3c. The ferrite-based matrix is now split into two sub-
regions. The ﬁrst subregion, denoted M1, surrounds martensite inclusions (a 0) whereas austenite inclusions (c)
are embedded in the second subregion (M2). The two subregions have equal volumes:V
M1 ¼ V M2 ¼ 0:5V M.
Micro–macro homogenization proceeds by considering that inclusions made of the homogenized medium
M1 + a 0 interact with a uniform matrix made of the homogenized medium M2 + c. Time integration of the
constitutive law now implies solving the following equation set:hDeia0 ¼ Bða
0 in M1Þ : hDeiM1þa0 ; ð15aÞ
hDeic ¼ Bðc in M2Þ : hDeiM2þc; ð15bÞ
hDeiM1þa0 ¼ BðM1þa
0 in M2þcÞ : De; ð15cÞ
De ¼ V
M
2
ðhDeiM1 þ Deh iM2Þ þ V chDeic þ V a
0 hDeia0 ¼ V ðM1þa
0ÞhDeiM1þa0 þ V ðM2þcÞhDeiM2þc: ð15dÞSome preliminary results are presented in Fig. 4. The aggregate consists of 10% austenite, 7% martensite, and
83% ferrite-based matrix. The phase proportions are constant, i.e. no TRIP eﬀect. The mechanical properties
are presented in Table 2. The hardening of individual phases as a function of the accumulated plastic strain p is
represented by a Swift law:ryðpÞ ¼ ry0ð1þH0pÞn: ð16Þ
As observed in Fig. 4, the predictions of the ﬁrst and second homogenization schemes are much alike when M1
and M2 are assigned identical mechanical properties. However, the second homogenization scheme can be
adapted to account, in an approximate way, for the highly heterogeneous strain and stress ﬁelds across the
deformed microstructure. For this purpose, the yield strength of subregion M1 (surrounding martensite) is
raised by 100 MPa whereas the yield stress of subregion M2 (surrounding austenite) is reduced by
100 MPa. Fig. 4 shows that this leaves the average stress of the ferrite-based matrix (M1 + M2) unchanged,
but a larger proportion of the load is transferred to the hard martensite inclusions, which increases the average
macroscopic stress. This adjustment is further motivated in Section 5.
3.4. Prediction of the rate of phase transformation
Following Fischer (1998), the transformation rate is computed using an energy-balance criterion while
assuming that transformation proceeds under a constant macroscopic stress. The austenite phase is repre-
sented by 1000 grains, having lattice orientations statistically representative of the texture (Melchior and Del-
annay, 2006). At the end of each time step, the transformation criterion, applied to every grain separately,
determines whether a martensite plate with a volume da 0 is created or not. In Eq. (17), the three terms on
the right-hand side of the inequality tend to impede the transformation: Fc accounts for the presence of lattice
defects, DC is the energy needed to create the interface around the newly-formed martensite plate, and Wacco
represents elastic and plastic accommodation around the transformed microregion.
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0 ðqDuchemðT ÞÞ þ W MDF P V da
0
F c þ DCþ W acco: ð17ÞThe two terms on the left of the inequality favour phase transformation. The diﬀerence of free energy between
austenite and martensite, Duchem(T), increases as the temperature decreases. The mechanical driving force
WMDF is the energy made available for phase transformation due to the stress build-up within austenite grains.
Newly-formed martensite plates undergo an instantaneous transformation strain etr corresponding to a simple
shear ctr, and a dilatation dtr along the normal n to the shear plane (or ‘‘habit plane’’). According to Bhadeshia
(1987), the values of ctr and dtr should be set equal to 0.20 and 0.03, respectively. Hence,WMDF is computed as
the product of the local stress tensor and etr:W MDF ¼
Z
V da
0
r : etrdV ¼ V da0rc : ðctrðn dÞ þ dtrðn nÞÞ: ð18ÞHere, we have assumed that r and etr are uniform throughout the martensite plate. In steel grades with the
chemical composition given in Table 1, martensite plates are formed on habit planes with the following Miller
indices: n = (3, 10, 14) and d = (1, 2.89, 2.25) (Turteltaub and Suiker, 2006b). Among the 24 possibilities in
the cubic crystal cell, we select the crystallographic variant which maximises WMDF.
The energy required for elastic and plastic accommodation, Wacco, has been evaluated by relying on ﬁnite
element calculations of an embedded-cell model (Van Rompaey et al., 2006) where:W acco ¼
Z te
ts
Z
V =dV I2
ðrðtÞ  rðtsÞÞ : _edV dt; ð19Þand ts and te represent the time at the onset and at the end of the transformation, respectively. According to
this study, Wacco increases proportionally to the yield stress of austenite rcy :W acco ﬃ 0:32ð0:8rcy0 þ 0:2rcyÞ ð20Þ
As deformation proceeds, transformation of the austenite phase progresses smoothly. Indeed, according to its
lattice orientation, each one of the 1000 grains is more or less favourably oriented for the transformation, lead-
ing to diﬀerentWMDF values even though r is assumed identical in all grains.
2 Following a suggestion by Lani
et al. (2007), Eq. (17) is simpliﬁed by regrouping, into a unique energy barrier, Gc0, all terms that are thought
to be independent of the macroscopic strain mode:W MDF > V da
0 ðW acco þ Gc0ðT ÞÞ: ð21ÞThe latter barrier is assumed to vary linearly with temperature: Gc0(T) = C (T  T0) where C is set equal to
0.36 kJ/m3/C and T0 to 562 C.
3.5. Contribution of the transformation strain to the overall deformation of the aggregate
The transformation strain etr modiﬁes the load partitioning among the phases: newly-formed martensite
plates are predominantly unloaded while the surrounding undergoes rather complex accommodation strains
(e.g. Van Rompaey et al., 2006). The transformation strain also contributes to the macroscopic deformation,
taking the form of a ﬁctitious thermal strain.3
Both eﬀects can be estimated using the mean-ﬁeld homogenization scheme. Let us consider a typical time
step during which several martensite plates are created. The total volume of newly-formed martensite plates is
denoted VDa
0
and the average transformation strain is h etriDa 0. Newly-formed martensite plates are modelled
as a single spherical inclusion embedded in a homogenized medium representing the remainder of the multi-
phase aggregate (M1 + a 0+M2 + c). Accommodation strains resulting from the phase transformation are eval-
uated in two steps. To start, one assumes that the aggregate undergoes a uniform strain increment De(1). The
value of De(1) ensures stress equilibrium across the matrix-inclusion interface, considering that a transforma-
tion strain takes place inside the inclusion:e heterogeneity of stress that would be predicted, e.g. by crystal plasticity theory is not accounted for.
e model assumes that phase transformation occurs under a constant macroscopic stress.
4 No
will m
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The resulting macroscopic stress increment, Dr(1), must be suppressed. This is achieved by imposing a second
strain increment, De(2), that is computed based on the eﬀective tangent operator of the whole aggregate:Deð2Þ ¼ ðeCðM1þa0þM2þcþDa0ÞÞ1 : Drð1Þ: ð23Þ
The total strain increment De(1) + De(2) thus leaves the macroscopic stress unchanged. The heterogeneous
phase partitioning of De(2) is computed based on the mean-ﬁeld homogenization scheme, leading to the follow-
ing stress increments within individual phases:hDraccoiDa0 ¼ eCa0 : ðDeð1Þ  hDetriDa0 þ BðDa0 in M1þa0þM2þcÞ : Deð2ÞÞ; ð24aÞ
hDraccoia0 ¼ eCa0 : Bða0 in M1Þ : BðM1þa0 in M2þcÞ : Deð3Þ; ð24bÞ
hDraccoiM1 ¼ eCM1 : V M1þa0V M1 I V a
0
V M1
Bða
0 in M1Þ
 
: BðM1þa
0 in M2þcÞ : Deð3Þ; ð24cÞ
hDraccoic ¼ eCc : Bðc in M2Þ : Deð4Þ; ð24dÞ
hDraccoiM2 ¼ eCM2 : V M2þcV M2 I V cV M2 Bðc in M2Þ
 
: Deð4Þ; ð24eÞwhereDeð3Þ ¼ Deð1Þ þ V
M1þa0þM2þcþDa0
V M1þa
0þM2þc I
V Da
0
V M1þa
0þM2þc B
ðDa0 in M1þa0þM2þcÞ
 
: Deð2Þ; ð25aÞ
Deð4Þ ¼ V
M1þa0þM2þc
V M2þc
I V
M1þa0
V M2þc
BðM1þa
0 in M2þcÞ
 
: Deð3Þ: ð25bÞOnce the accommodation of the transformation strain has been treated, Da 0 and a 0 are combined into a single
phase, and the average phase stress is modiﬁed accordingly.
4. Results
The micro–macro model is now assessed by comparing the predictions to various experimental measure-
ments. Among the material parameters, which are listed in Table 2, the elastic constants (Young’s modulus
and Poisson ratio) are assumed to be known, the strain hardening parameters (Eq. (16)) are ﬁtted based on
the elastic lattice strains measured by neutron diﬀraction during a uniaxial tensile test4 (Fig. 5a), and the
energy barrier against phase transformation (Eq. (21)) is determined based on measurements of the martensite
content during uniaxial tensile tests performed at 20 and 30 C.
4.1. Simulation of the uniaxial tensile test at room temperature
Fig. 5b shows that the model provides a fair prediction of the macroscopic stress measured during the uni-
axial tensile test at room temperature. The prediction is a little more accurate when one assumes that the
matrix surrounding martensite is harder than the matrix surrounding austenite, which is referred to as
‘‘M1hiM2’’ in the ﬁgure caption, rather than assuming that the matrix is uniform (‘‘M1 = M2’’). As explained
in Section 3.2, this has been implemented by artiﬁcially raising the yield stress of subregion M1 by 100 MPa
whereas the yield stress of M2 was reduced by the same amount. In contrast, the accommodation of the trans-
formation strain etr (Section 3.4) does not inﬂuence the macroscopic stress. Very similar predictions are
obtained when one chooses either to account for the accommodation or to neglect it.te that the martensitic phase cannot be probed in the neutron diﬀraction experiment (Jacques et al., 2007), but one expects that it
ostly remain elastic since its yield strength is larger than 2 GPa.
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in a uniaxial tensile test. (b) Average lattice strains in the three phases.
1836 L. Delannay et al. / International Journal of Solids and Structures 45 (2008) 1825–1843Predictions of the elastic lattice strain in martensite cannot be checked because the corresponding experi-
mental data is unavailable. However, these predictions are presented in Fig. 5a because they illustrate the eﬀect
of modelling assumptions on the load partitioning among the phases. Accommodation of the transformation
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Fig. 6. Assessment of the prediction of the average elongation of austenite and martensite during the uniaxial tensile test at room
temperature. The dotted line would correspond to a uniform deformation throughout the aggregate.
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encompass a negative hydrostatic stress). This is hardly visible at the macroscopic scale, which conﬁrms the
intuition that the Magee (1966) mechanism plays a minor role in such multiphase aggregate containing only
17% retained austenite.
A second assessment of the model relies on the phase partitioning of the plastic strain that is measured by
image correlation in a scanning electron microscope (Jacques et al., 2007). Fig. 6 shows the average elongation
of the inclusions5 as a function of the macroscopic elongation in the uniaxial tensile test. Again, the mean-ﬁeld
model captures the experimental trend relatively well.4.2. Prediction of the kinetics of martensite formation and macroscopic hardening under various loading modes
Four mechanical tests are considered in Fig. 7 corresponding to diﬀerent loading conditions, i.e. to diﬀerent
rates of martensite formation. Fig. 7a shows the decrease of the austenite volume fraction as a function of the
macroscopic eﬀective strain. The model conforms to experimental observations. The general trend in Fig. 7a is
that martensite formation is faster when the triaxiality6 of the applied stress increases. However, this statement
is in fact too simplistic because the deviatoric stress also contributes to the mechanical driving force (Eq. (18)).
The inﬂuence of the triaxiality of the applied stress on the kinetics of phase transformation is further discussed
in (Jacques et al., 2007; Lani et al., 2007).
In Fig. 7b, the macroscopic eﬀective stress is plotted as a function of the macroscopic eﬀective strain. The
strengthening of the sheet depends strongly on the loading mode and on the temperature. The predictions of
themodel are improvedwhen one assumes that the ferrite-basedmatrix nearmartensite inclusions is harder than
the ferrite-based matrix near austenite inclusions (‘‘M1hiM2’’). Indeed, this augments the diﬀerence between the
hardening behaviour in the various loading conditions, which is consistent with experimental trends.4.3. Necking of a cylindrical bar under uniaxial tension
In a uniaxial tensile test, diﬀuse necking starts when the incremental hardening exponent, ninc, is equal to
the true strain in the tensile direction (Fig. 8a). This is known as Considere’s criterion (e.g. Hosford and Cad-5 The two phases cannot be distinguished using this experimental technique.
6 The triaxiality is deﬁned as the ratio of the hydrostatic stress and the eﬀective stress.
00.025
0.05
0.075
0.1
0.125
0.15
0.175
0 0.05 0.1 0.15 0.2 0.25
0
250
500
750
1000
1250
0 0.05 0.1 0.15 0.2 0.25
Tension (20˚C)
Compression
Model (M1<>M2)
Model (M1=M2)
0
250
500
750
1000
1250
0 0.05 0.1 0.15 0.2 0.25
Tension (-30˚C)
Shear
Model (M1<>M2)
Model (M1=M2)
macro
eqσ
(MPa) 
macro
eqσ
(MPa) 
macro
eqε
macro
eqε macro
eqε
a b
c
Vγ
Fig. 7. Assessment of the predictions while assuming either a uniform or a heterogeneous ferrite based matrix: (a) Kinetics of phase
transformation and (b and c) macroscopic strengthening under various loading modes.
1838 L. Delannay et al. / International Journal of Solids and Structures 45 (2008) 1825–1843dell, 1993). As shown in Fig. 8b, the model predicts that the amplitude of uniform elongation is 19%, 24%,
33%, 24% and 22% when the working temperature is 30, 20, 75, 100 and 200 C, respectively. At 200 C,
austenite is suﬃciently stable to impede any transformation during the uniaxial tensile test. In cases where
martensite is created, the model predicts that diﬀuse necking occurs following a sudden drop of ninc that is
due to plastic yielding of martensite.
The magnitude of the experimental variation of ninc with temperature is not reproduced very accurately.
This is attributable to the too simplistic hardening law of individual phases (Eq. (16)) and to the fact that
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temperature from 30 to 75 C and above. Experiments (Jacques et al., 2007) indicate that the amplitude of
uniform elongation is maximised around 90 C. Probably due to the strain-rate sensitivity, diﬀuse necking is
retarded even more than what is predicted by the present model.
In metallic alloys, plastic localization can occur either shortly, or long, after diﬀuse necking. TRIP can have
a signiﬁcant inﬂuence on the transition from diﬀuse to localized necking. In order to illustrate this, the incre-
mental mean-ﬁeld model is implemented as a user-deﬁned material law in the ﬁnite element code ABAQUS.
An updated-lagrangian framework is adopted in order to manage ﬁnite strains. Necking of a cylindrical bar is
1840 L. Delannay et al. / International Journal of Solids and Structures 45 (2008) 1825–1843simulated using second-order axi-symmetric elements with reduced integration (CAX8R). The initial bottom
section is artiﬁcially reduced by 0.5% so as to trigger plastic localization. The uniaxial tensile test is simulated
ﬁve times corresponding to working temperatures of 30, 20, 75, 100 and 200 C, respectively.
Fig. 8c shows the evolution of the engineering stress as a function of the engineering strain. Although the
tensile tests performed at 20, 100 and 200 C give rise to roughly the same uniform elongation (22–24%), the
total elongation is much larger at 100 C than at 20 or 200 C. This diﬀerence can be explained as follows.
When diﬀuse necking starts, the sample deformed at 100 C still contains 16% retained austenite. The subse-
quent transformation into martensite hardens the alloy inside the neck (Fig. 9b), which impedes the develop-
ment of a sharp neck. Indeed, a greater strain hardening capacity induces more diﬀuse necks and larger post
necking elongation (e.g. Pardoen, 2006). This mechanism does not occur at 200 C because TRIP is impeded20°C 100°C 200°C 
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Fig. 9. Finite element prediction of necking of a round bar after 20% reduction of the radius inside the neck. (a) Stress triaxiality (ratio of
the hydrostatic stress and the vonmises stress). (b) Martensite content. (c) Finite element mesh.
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hardening capacity prior to plastic localization (only 6% retained austenite is left). Let us ﬁnally remark that
the diﬀerence between the three samples would be even larger if the model would account for the development
of damage which precedes ductile fracture (Pardoen, 2006; Lassance et al., 2007). As shown in Fig. 9a, mar-
tensite formation inside the neck reduces the triaxility of stress and, hence, the tendency of voids to grow and
coalesce.
5. Discussion
The present analysis relies on a relatively crude representation of the microstructure of TRIP-aided multi-
phase steel. Considering that austenite and martensite form isolated, spherical inclusions is obviously a strong
simpliﬁcation of reality, which is essentially motivated by computational eﬃciency. Yet, the model seems to
capture the phase averages of the internal stresses, the kinetics of phase transformation, and the macroscopic
hardening of the sheet. It is very likely that accounting for the oblate shape of martensite plates and for their
interaction with austenite grains would improve the prediction of internal stresses as well as the prediction of
macroscopic anisotropy. This could be investigated using the ﬁnite element technique as done, e.g. by Segu-
rado and LLorca (2006) in the case of non-transforming model microstructures.
A second important assumption of the approach is that the load partitioning among the phases is predicted
using a ﬁrst-order mean-ﬁeld model instead of a full-ﬁeld calculation of strain and stress throughout the aggre-
gate. In a companion paper (Delannay et al., 2007), it has been demonstrated that the incremental mean-ﬁeld
model reproduces quite well ﬁnite element results in the case of idealised dual-phase aggregates. However,
when the aggregate contains more than one family of inclusions, the predictions of such averaging scheme
do not comply with experimental observations if the matrix is represented by a unique homogenized medium.
It seems that the strongly heterogeneous deformation ﬁeld across the real microstructure must be accounted
for, at least in an approximate manner. Predictions are improved if one assumes that the ferrite-based matrix
is, on average, harder near martensite than near austenite. At least two arguments support this idea. First, the
transformation strain induces redundant plastic deformation of the matrix surrounding newly-formed mar-
tensite plates, and this is not explicitly accounted for in the model. Indeed, redundant deformation cancels
out when the phase average of the accommodation strains is computed (Section 3.3). Deviations of the local
eﬀective stress relative to the phase average have been set to 20% (100 MPa out of 500 MPa) which seems rea-
sonable in view of full-ﬁeld calculations relying on the ﬁnite element technique (e.g. Segurado and LLorca,
2006). Second, it is likely that martensite appears in priority in those subregions of the microstructure which
have hardened more than the average hardening the ferrite-based matrix. Indeed, this raises the stress ampli-
tude of nearby austenite inclusions (relative to the average stress of the austenite phase), leading to a larger
WMDF (Eq. (20)).
It might be argued that the phase partitioning of the hydrostatic stress is not accurately predicted by ﬁrst-
order mean-ﬁeld homogenization schemes combined with J2 plasticity theory. When inclusions are spherical,
such micro–macro averaging schemes predict, for example, that a pure hydrostatic macroscopic load will
never induce plasticity within any of the constitutive phases. This contradicts experimental observations. A
more thorough and, hopefully, more accurate way to treat the problem would be to rely on a second-order
homogenization technique, such as the generalized secant approach (Moulinec and Suquet, 2003). However,
such models are not yet adapted to the simulation of non-monotonic strain paths in metal forming operations.
Another potential improvement of the model would be to replace the Swift law by a more accurate repre-
sentation of the hardening of individual phases and to introduce strain rate sensitivity. In the case of the tensile
test carried out at 30 C, the model yields a poor prediction of the hardening rate, represented by the incre-
mental hardening exponent in Fig. 8a. A reﬁned analysis should take the temperature dependence of harden-
ing into account.
6. Conclusion
An incremental mean-ﬁeld model has been adapted in order to account for transformation induced plas-
ticity in multiphase steel. The model is suited for general, non-monotonic loading conditions. Based on the
1842 L. Delannay et al. / International Journal of Solids and Structures 45 (2008) 1825–1843elastic-plastic response of individual phases, which can be determined based on neutron diﬀraction measure-
ments of the lattice strains, the model provides valid estimates of the macroscopic strengthening under various
loading conditions. This implies proper modelling of, on the one hand, the load partitioning among the phases
and, on the other hand, the kinetics of phase transformation.
A comparison of model prediction to experimental data indicates that the accommodation of the transfor-
mation strain has a negligible eﬀect on the macroscopic stress when the volume fraction of retained austenite
(and hence martensite) is low, such as in the industrial steel grade considered here.
The model has been implemented as a user-deﬁned material law within a ﬁnite element code, allowing the
simulation of complex forming operations.Acknowledgments
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